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Abstract 

The possibility of existence of topological excitations in the anisotropic quantum 
Heisenberg model in one and two spatial dimensions is studied using coherent state 
method. It is found that a part of the Wess-Zumino term contributes to the partition 
function, as a topological term for ferromagnets in the long wavelength limit in both one 
and two dimensions. In particular, the XY limit of the two-dimensional anisotropic fer- 
romagnet is shown to retain the topological excitations, as expected from the quantum 
Kosterlitz-Thouless scenario. 
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Introduction 

Quantum spin systems in low dimensions have aquired considerable significance in 
condensed matter Physics in recent times. In particular in two dimensional (2D) spin | 
quantum Heisenberg antiferromagnet (QHAF) evoked a lot of interest in the light of 
discovery of high-temperature superconductors 1 . Many interesting theoretical and exper- 
imental work probing the magnetic property of various 2D systems and also that of many 
quasi-one dimensional (ID) systems brought into notice important features of anisotropic 
quantum spin models 2-4 . Parallel to this, possible extention of Kosterlitz-Thouless(KT) 
scenerio to quantum ferromagnetic spin models has also been attempted 5 . 

However, in spite of this endeavour many crucial questions have remained unanswered 
and in particular the origin of existence of topological excitations in quantum ferromag- 
netic and antiferromagnetic models seems to be mysterious . The existence of topological 
excitations in isotropic 1D-AF is well known 3,6 . The case of ID ferro (both isotropic and 
anisotropic ) on the other hand has drawn lesser attention 3 ' 6 . One possible reason for this 
could be the lack of proper theoretical analysis of the quantum nature of the problem 
which we describe in this report. In the 2D case even for AF ,the issue of existence of 
topological excitations is still not settled fully although most of the theoretical calculations 
rule out such a possibility 6 ' 7 . Moreover, the high T c oxides in the insulating antiferromag- 
netic (AF) phase seem to be governed by anisotropic (2D) Heisenberg model, whereas the 
theoretical efforts have mostly been confined to the isotropic case only 1 ' 2,6 ' 7 . the 2D-ferro 
situation remained even less understood so far 5 ' 6 . 

This motivated us to study the anisotropic quantum Heisenberg ferro and antiferro- 
magnetic models in ID and 2D, in a unified manner. 



Mathematical Formulation 



We analyse the quantum actions for XXZ ferromagnets and anti-ferromagnets in ID 
and 2D by spin coherent state method 6 . The philosophy behind this procedure is that, the 
existence of topological term in the full quantum partition functionof a quantum spin 
system implies topological excitations in the system 8 . Keepingin mind the physically 
relevant situations , we choose the anisotropy of the above spin models to be XY-like. 
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In the following we perform all the calculations on the lattice with a finite lattice 
parameter 'a' in the long wavelength limit. We write down the expressions of quantum 
Euclidean action in the quasicontinuum limit, so that we have a clear understanding of 
the topological terms while the physical system retains its lattice structure. 

Calculations 

The quantum Euclidean action S^fn] for the spin coherent fields n(i) can be written 

as ' , 

S E [n] = -isS wz [n] + — / dtd t n(t) 2 + / dtH(n) (1) 

4 Jo jo 

where s is the magnitude of the spin and 

H(n) = (n\H(s)\n) (2) 

H(s) being the spin Hamiltonian in the representation s.The Wess-Zumino term Swz is 
given by 6 

r/3 fl 

S wz [n] = dt drn(t, r) • <9 t n(t, r) A 9 T n(t, r) = A (3) 
jo Jo 

with n(t, 0) = n(t),n(t, 1) = n , n(0, r) = n(/3, t); t e [O,0\, t e [0, 1]. 

In (3) A is the area of the cap bounded by the trajectory T parametrized by n(t) on 
the sphere 

n ■ n = 1 (4) 

Here |n) is the spin coherent state as defined in ref.(6).The spin Hamiltonian for XXZ 
Heisenberg ferromagnet is given by 

H(S) = -g £ S(r) • S(r/) - g\ z £ S z (v)S z (r/) (5) 

(r,r/> (r,r/) 

with g > 0, < \ z < 1, where r and r/ run over the lattice and (r, r/) signifies nearest 
neighbour interaction and S = (S, S z ). 

(i) Linear Chain 

The quantum Euclidean action in the quasi- continuum limit can be written as : 

S E [n] = -isS^ T z OP -- dx dtn ■ d t n A 9 x n + — / dx / dt 

2 j-l jo 2a J-L jo 

(^n) 2 + ^/ L ^/V(^n) 2 

2 J-L JO 

+\ z (d x n z ) 2 } (6) 
where, S^ r z OP = 2J2w Z[n(2ar)] is the nontopological part 

of the WZ termSwz on the chain, L = 2ma and n = (n, n z ). We have written down 
eq.(6) in the long wavelength limit. We analyse SVzterm j n the following manner : 



m m— 1 

= S w Z[n(2ar)] + £ 5 w Z[n(2r + l)o] 
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m— 1 

= 2S w Z[n(-2am)} + S w Z[n(2am)} + 2 ^ 5 w Z[n(2or)] 

r=— m+1 

1 /" L r/ 3 
+ - / dx I dtn ■ d t n A d x ii 



2 J-L Jo 

m ~P r L-{p-l)2a 

= 2S w Z[n{-2am)} + S w Z[n{2am)} + 2 ^ ^w^[n(2ar)] + 2[ / 

r=-m 

rL-(p-2)2a 

+ J dx + ■ ■ ■ 

rL-2a r/3 

+ dx] dtn ■ d t n A d x n 

J-L JO 
1 f L fP 

+ - / dx dtn ■ d t n A d x n (7) 
2j-l jo 



Wher l<p<2m . Since we keep the lattice parameter 'a' finite and we take St — > 
,eq(6) takes the form : 

5 B [n] = -^| OP -^ Trfx f dtn-d t nAd x n+ S ^ f" dx dt[{d x h) 2 + \ z {d x n z ) 2 } (8) 

Z J-L JO Z J-L JO 

In order that the Euclidean action in (8) is finite for very large L we have : 
lim d x h = 0, lim d x n z = Oi.e.n — > n (t)onthecirdex 2 + t 2 = R 2 ; R — > oowithn ■ n = 1 

x|^oo |x|— »oo 

(9) 

This defines a mapping from (x,t)-space to the internal space n • n = 1. However, there is 
a smaller class of n fields on the (x,t)-space which satisfies (9) with no(t) independent of 
t, denoted by n . In that case the boundary points in the (x,t)-space are identified to a 
single point and we have a topological mapping Sp hys — ► S] nt with I1 2 (S' 2 ) = Z 10 . The 
winding number in this case is given by 8 

Q — / dxdtn ■ d t n A d x n (10) 

47T J 

where Q G z. Thus for field configurations represented by 

{n(x,t) : lim n(x,t) = n } (11) 

x|^oo 

eqn(7) can be written as: 

m ~P rL-(p-l)2a rL-(p-2)2a 

J2S W z[n(2ar)} = 2 £ S wz [n(2ar)} + 2{ / dx + dx + • • • 

r r=-m " L ^ L 

<-L-2a r /3 



+ / ] / dtn ■ d t n A d x n 

Jl Jo 



1 r L [P 

H — / dx I dtn ■ d t n A d x n (12) 
2j~l jo 

where we have made use of eq. (3). Notice that only the last term in eq.(12) covers the 
entire chain where the boundary points are identified via the configuration (11). Therefore 
the topological content in Swz is the last integral in (12) which is same as (10). The rest of 
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the term in (12) are non-topological.From eq.(7) the non-topological part can be written 
as: 

m— 1 

S W T Z ° P = 2 £ S wz [n(2ar)} (13) 

r=—m 

Due to translational invariance of n on the chain each term in (13) describes the same 
cap of area A given by eq.(3).Thus (13) can be written as: 

m— 1 

S w T z OP = 2^A = 2(2m-l)A = constant (14) 

r=—m 

Therefore eq.(8) becomes: 

is (ft S 2 QCL f p fft 

S E [n] = -- dx dtn ■ 9 t n A d x ti H ^— / dx dt[(d x h) 2 + X z (d x n z ) 2 } (15) 

Z J~L JO I J~L JO 

The eq.(12) corresponding to an antiferromagnet (g < 0) reads 

1 f L fft 

Swz = —7; dx dtn ■ d t n A d x ii (16) 

2J-L Jo 

with S^ z OP vanishing due to staggering operation. So we get back the same result as 
obtained for isotropic antiferromagnet 6 . 

(ii) 2D Square Lattice 

The spin Hamiltonian in this case is given by (5) where r runs over the 2D-square 
lattice. The quantum action for the anisotropic ferro magnet in the long wavelength limit 
is given by: 

S E [n] = -isJ2Swz[n(r)}++^ [ L dxdy ^dt[(d x h) 2 +X z (d x n z ) 2 +(d y n) 2 +X z (d y n z ) 2 ](x,y,z) 

„ " 2 J-L JO 

(17) 

Finiteness of the action (17) gives : 

n(a;, y, t) — > n (t)onthe2 — spherex 2 + y 2 + z 2 = R 2 , R — > ooandn • n = 1 (18) 

This boundary condition gives a mapping from the (x,y,t)-space to the internal sphere 
n - n = 1. However, (18) admits a class of n fields where n (t) is independent of t denoted 
by n in which case we have a mapping S Phys — > S 2 nt and n^S 12 ) = Z 10 . Thus for the 
field configurations 

{n(x, y,t): lim n(x, y, t) = n } (19) 

\x\^oo 

Following the same line of arguments as linear chain we can show that for field configura- 
tions satisfying (19) the Swz term corresponding to the 2D square lattice can be written 
as : 

Y^SwzHr)] = S^ T z OP + ^-f L dxdy [ dt[n ■ d t n A d x ii + n • d t n A d v n](x, y, t) (20) 

r ZdJ-L Jo 

S w T z OP = {2(2m-l)} 2 A (21) 

For the mapping Sp hys — ► Sf nt , we can parametrize the (x,y,t)-space with boundary 
points identified by y-planes in which case 4j S^dx J^dtn ■ d t n A d x n will be a winding 
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number through eq(10) for each y.This happens because of the fact that each (x,t)-plane 
(i.e y = constant) has its boundary points identified for field configurations satisfying 
(19) and the (x,t)-plane can be thought as a sphere S 2 passing through the north pole of 
S 3 . So for each y we have a mapping from the corresponding (x,t)-plane (= S 2 ) to S] nt 
.Therefore we can write 



1 r L fP r L 

— J dxdy n • d t n A d x ii(x, y,t) = J dyQ(y) (22) 



47T 

By similar arguments : 

1 f L [I 3 f L 

— / dxdy / dtn ■ d t n A d v ii(x, y,t) — / dxQ(x) (23) 
AnJ-L Jo J-l 

Note that we can apply the above principle for the mapping Sp h — ► S 2 nt since U 3 (S 2 ) = 

Thus using eq(20),(21) the action (17) becomes : 

is [P 
Se\to\ = —— dxdy dt[n ■ d t n A d x n + 

i J-l Jo 



2a. 



gs 2 f L fP 
n- d t n Ad y n](x,y,t) + -— / dxdy dt 

2 J-L Jo 

i(d x h) 2 + X z (d x n z ) 2 + (d y h) 2 + X z (d y n z ) 2 ](x,y,t) (24) 

The first integral in (24) is a topological term as follows from (22) and (23). Let us point 
out that the right hand side of eq(20) vanishes identically on the long wave length limit 
under staggering operation in the case of antiferromagnets . 



Conclusions 

We have presented a unified scheme for analysing the topological terms in the effec- 
tive action corresponding to the long wavelength limit of XY-like anisotropic quantum 
Heisenberg ferro and ant iferro- magnets in one and two spatial dimensions for any value 
of the spin. Our calculation brings out clearly the hidden topological contribution from 
Swz term, which influences the statistical mechanics of ferromagnets in one dimension. 
This is probably manifested in the 'soliton-like excitations' occuring in many experimental 
systems corresponding to these models 3 ' 4 . It may also be interesting to point out that 
in ID the roles of kink and anti-kink are inter- changed as we go from ferro to anti-ferro 
due to sign reversal in the respective topological terms [see eqs. (15) and (16)]. In 2D 
situation in the limit A 2 — > 0, these excitations probably lead to the proposed "vortex- 
antivortex" scenario in the 'quantum KT' picture 5 . On the contrary the 2D-AF model 
does not exhibit any topological excitation in its long wavelength behaviour. Let us con- 
clude by pointing out that our whole calculational approach is meaningful only in the low 
temperature regime where the spin-spin correlation length is appreciably large 6 ' 11 . 
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